
EPSC 552: Data analysis and Geostatistics:
Lecture XI: Eigenvector methods: PCA and FA


A few words of caution….

Eigenvector and clustering methods are extremely powerful aids in understanding 
your data, and the underlying processes that control the variability in your study

However;


“Principal component analysis belongs to that category of techniques, including 
cluster analysis, in which appropriateness is judged more by performance and utility 

than by theoretical considerations”

Davis, 3rd ed., 2002 

And;


Eigenvector methods require there to be multidimensional correlations in the data set 
with meaningful causation —> if these are absent, they are not going to magically 

appear, and eigenvector methods are useless. 


Also, if they are present in 2-D, there is no added value in multi-D —> you look for 
hidden directions in your data in eigenvector methods

Eigenvector methods

Two main techniques: principle component and factor analysis
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both techniques perform a transformation of the data to allow for easier 
interpretation through:


- reduction of variables

- suggestion of underlying processes
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System can be transformed to its principle components 

PC-1

PC-2

majority of the variance in this system resides in PC-1 and PC-2 can be interpreted 
as just the scatter/noise in the data:


dimensionality of the system reduced from 2-D to 1-D 

without losing any information !

The data have been re-cast into a new coordinate system where the axes are 
the principal processes operating on your data + noise



Eigenvector methods - PCA and FA

• Principle components are the principle non-correlated directions in your data 
set (maximized variation along, minimized variation perpendicular to PC)


• Nowadays datasets with 50 to 100 variables are not uncommon. A reduction 
to a much smaller number of unrelated variables (the Factors) makes it much 
easier to mine such a dataset


• In PCA all variance is redistributed to new PCs, resulting in the same number 
of PCs as original variables. 


• In FA, only those PCs that are informative are retained and the remainder is 
discarded as noise. The PCs can also be rotated to simplify interpretation. 


• Strictly speaking PCA is a mathematical transformation of your data that 
retains all information, whereas FA is an interpretive model of your data. 


• In reality, most software package call both PCA

General notes on Principle Component Analysis and Factor Analysis

Principle component analysis - PCA

Especially useful in multi-D space
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have already seen an example of this 
approach when looking at DFA:

5-D replaced by 2 vectors that allow 
you to recognize clustering in the data:

this was not obvious in original data


However;

in this case the data are correlated in 
this 2-D vector space, whereas PCs 
are not allowed to be correlated


Principle components are the principle 
non-correlated directions in your data 
set

Principle component analysis - PCA

So what do we do in principle component analysis ?

look in the data for vectors that have maximum variance along them 

(i.e. a strong correlation/covariance)

as all variables that display the same correlation/covariance are grouped 
together, the trend they describe cannot be shared with any other PC

PC-1 = vector that explains most of the variance

the strongest direction in your data


PC-2 = vector that next explains most of the residual variance

PC-3 = vector that next explains most of the residual variance

etc

so PC-1 explains more variance than any single original variable and 
therefore, PC-n explains less variance than a single variable (noise)

Principle component analysis - PCA

So what do these principle components look like ?

PC:   PC1 = a11X1 + a12X2 + a13X3 + a14X4 + a15X5 + ....

   PC2 = a21X1 + a22X2 + a23X3 + a24X4 + a25X5 + ....

   PC3 = a31X1 + a32X2 + a33X3 + a34X4 + a35X5 + ....

   PC4 = a41X1 + a42X2 + a43X3 + a44X4 + a45X5 + ....

 .....

Xi = original vars

aij = coefficients that 
relate the original 
vars to the PCs

Note that to satisfy multi-non-colinearity some of the a-coefficients have to be 0

         PC1         a11 a12 a13 a14 a15

   PC2         a21 a22 a23 a24 a25

   PC3         a31 a32 a33 a34 a35

   PC4         a41 a42 a43 a44 a45

X1

X2

X3

X4

X5

= .
PC = A X

in matrix notation:



intelligence
optimist

Another way to explain PCA: psychological questionnaires

Principle component analysis - PCA

A psychologist want to know your intelligence, 
whether you are extroverted, a pessimist, etc. 


Have to work this out from indirect questions 
that correlate with the variable that you are 
interested in (e.g. intelligence, optimism, etc)


Many questions lead to a small number of 
ultimate variables

         PC1         a11 a12 a13 a14 a15

   PC2         a21 a22 a23 a24 a25

   PC3         a31 a32 a33 a34 a35

   PC4         a41 a42 a43 a44 a45

X1

X2

X3

X4

X5

= .

lazy

matrix A tells you how

to score the answers

Principle component analysis - PCA

The transformation matrix A is what you want to obtain

the matrix that translates the original variables to line up with the 
principle directions in the data: the PCs


so,     it redistributes the variance of the original variables over the PCs, 

  maximizing it for PC1:    Var(PC1) = max

  it ensures that the PCs are uncorrelated:     Cov(PCi-PCi+1) = 0

The matrix A is obtained from the covariance or the correlation matrix

Note that we are only translating the data to a new coordination system: no info loss !

when all variables are 
equivalent (e.g. all 
wt%, all ppm, etc)

when mixing variables 
(e.g. ppm + wt% + pH)

Principle component analysis - PCA

Link with correlation makes sense (I hope):
all variables that are correlated define one trend in the data so they should 
be combined in one PC, and this PC and its component variables should 
have an insignificant correlation with all remaining variables and PCs

e.g. 5 variables with the following correlation matrix:

1 2 3 4 5
1 - 0.85 0.14 0.23 0.78
2 - - 0.21 0.19 0.95
3 - - - 0.9 0.25
4 - - - - 0.13
5 - - - - -

strong 
correlations:


1 & 2

1 & 5

2 & 5


3 & 4

weak 
correlations:


1 & 3

1 & 4

2 & 3

2 & 4

5 & 3

5 & 4

so, this dat set has two PCs, with low correlation between them

Principle component analysis - PCA

Strong reduction in dimensionality: 5D to 2D
this allows for much easier data visualization and (hopefully) interpretation


+ 

it may point to two underlying processes, affecting a different set of vars

a good way to represent this 
is to plot it in variable space


Now you get two clusters of 
variables and these are your 
PCs


So in a way, PCA is cluster 
analysis on your variables
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Principle component analysis - PCA

So how do we obtain the transformation matrix from cor/cov ?

have to determine the eigenvectors in the correlation or covariance matrix

these are the weights that relate the original variables to the PC vectors


and scale these so that the variance of a PC equals 1

PC = U L-0.5  X   in matrix notation

this is the PC vector

i.e. the new variables

these are the original 
variables, i.e. the input

the eigenvector 
matrix of the 
cor/cov matrix

the diagonal eigen- 
value matrix of the 
cor/cov matrix, i.e. 
the scale factor

input: 

original vars


operator: 
eigenvector matrix 

scaled by 
eigenvalues


output: 

PC vectorpu
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Principle component analysis - PCA

Si Al Cu Zn pH T

PC-1 0.6 -0.2 0.1 0.3 -0.4 0.9

PC-2 0.3 0.7 -0.2 -0.1 0.6 -0.1

PC-3 0.1 -0.1 0.9 0.8 -0.7 0.4

PC-4 -0.2 0.2 -0.3 0.1 -0.4 -0.2

....

An example for thermal spring data from the Rockies:
the coefficients are 
the factor loading:


the correlation 
between the original 
variables and the PCs


they display a clear 
grouping of variables

PC-1:   Si and T - as T increases the solubility increases

PC-2:   Al and pH - unclear, clay effect? speciation?

PC-3:   Ca, Zn, -pH  and ±T - low pH + high conc. base metals: sulfides

PC-4:   no clear associations - residual noise ?

You get as many PCs as there are original variables, but not all will be meaningful. 

Principle component analysis - PCA

The variance in the original variables is redistributed;

the eigenvalues show you how much variance a PC explains compared to the 
original variables and this value can therefore be used to define a cut-off:


- all eigenvalues less than 1 are insignificant (generally too restrictive)

- use a scree plot (PC-number versus eigenvalue) - where there is a kink in this 

   plot: boundary - use all PCs up to this point and one beyond

- maximum likelihood method - the goodness-of-fit of the factor model is iteratively 

   tested using the X2 test and additional factors are calculated from the residual 

   covariance/correlation matrix only if it fails the X2 test

PC-1 will have a variance greater than a single original variable (it explains more 
variance in the data set than a single original variable)

so, subsequent PCs will eventually explain less variance than a single original var


such PCs can generally be ignored thereby reducing the dimensionality

but where should we put the boundary?

Restricting the number of PCs: FA

The variance in the original variables is redistributed;
PC-1 will have a variance greater than a single original variable (it explains more 
variance in the data set than a single original variable)

so, subsequent PCs will eventually explain less variance than a single original var


such PCs can generally be ignored thereby reducing the dimensionality

The cut-off can be determined

in a scree-plot
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Principle component analysis - PCA

To facilitate interpretation the resulting PCs are commonly 
rotated in multi-dimensional space

The most popular technique is Varimax rotation:

“rotation to maximize the variance of the squared loadings within each column of the loadings matrix” 


this rotation results in the correlations with the original variables to be either 
large or small, so it enhances the contrast, producing PCs that are highly 
correlated with a few original variables and weakly with the rest:


much easier to interpret, because it is immediately clear which variables are 
important and that in turn can directly point to the underlying process

Varimax rotation

Fe

Mn

Ba

S

F

RbZn

PC1

PC2

A Factor Analysis example using PAST

The Sn-W mineralized granite of Regoufe (Portugal)

6 km2


55 samples


After cleaning

15 elements


All elements log-transformed


A Factor Analysis example

The Sn-W mineralized granite of Regoufe (Portugal)

NR XCO YCO F ZR SR CE BA B LI W NB RB U TH TA AS CS SN

1 94 36 3520 29 53 14.6 24.6 540 758 11.8 38 715 5 1.62 14.28 2.6 48 44

2 94 45 3020 43 34 28.1 94.0 640 785 15.5 31 624 4 4.81 10.26 5.4 73 48

3 81 46 3800 43 33 28.8 108.7 280 647 14.43 31 669 7 5.2 11.51 206.4 68 54

4 75 40 3320 27 26 15.2 38.5 330 627 18.66 36 683 1 2.69 12.72 65.1 58 57

5 60 35 2040 31 25 21.2 76.0 860 317 11.02 19 542 11 3.69 9.13 84.7 29 34

6 77 31 2920 29 29 17.2 58.3 360 592 16.78 37 748 8 2.83 17.86 80.5 66 69

7 56 134 4020 19 32 16.2 18.0 70 442 16.71 43 869 20 1.75 19.9 2592.3 44 70

8 65 127 2840 19 15 9.3 32.0 50 423 16.75 53 782 21 1.43 20.05 1045.0 45 64

9 81 130 3600 21 38 17.9 39.0 40 517 19.85 44 889 8 2.23 15.51 463.8 56 76

10 69 118 3200 41 33 25.9 94.3 200 686 29 27 674 10 4.49 11.12 119.7 85 63

12 96 107.5 6880 20 100 8.3 38.0 40 488 10.74 51 840 13 1.17 25.95 256.2 51 101

13 88 112 3800 19 24 12.9 28.9 40 594 10.89 53 935 13 1.83 26.8 210.2 60 74

14 58 115 6160 38 32 21.7 76.0 310 520 37.85 32 601 13 3.75 10.61 588.1 50 60

15 45 113 4280 45 30 27.1 99.9 320 666 11.1 28 638 7 5 8.11 57.5 71 49

16 19 120 4520 17 34 8.1 11.4 40 526 10.01 45 822 13 0.79 20.12 46.5 46 72

17 24 116 4240 26 36 18.0 43.1 120 333 13.12 37 675 18 2.52 11.2 235.3 50 57

18 93 100 3520 24 34 13.4 23.7 40 440 9.93 43 812 8 1.6 18.94 279.4 39 59

19 92 93 4960 19 43 12.7 20.0 120 630 12.5 50 923 7 1.17 23.64 571.8 62 72

20 81 80 6440 18 37 9.4 11.8 50 586 12.67 46 895 13 1.21 25.6 288.8 55 77

21 79 69 3240 40 34 26.9 101.0 40 397 22 33 612 18 4.73 8.43 1010.7 38 58

22 79 60 3300 41 37 23.0 129.9 560 684 9.9 35 679 11 4.2 13.57 16.9 102 55

23 92 57 3720 43 32 24.0 81.0 340 832 10.75 33 703 6 4.75 15.53 58.8 113 63



A Factor Analysis example - PAST

The Sn-W mineralized granite of Regoufe (Portugal)

The correlation matrix

The Sn-W mineralized granite of Regoufe (Portugal)

A Factor Analysis example - PAST

PC eigenvalues: how much of the original variance is captured by each PC

The Sn-W mineralized granite of Regoufe (Portugal)

A Factor Analysis example - PAST

Communalities	 	 	
	 Initial	 Extraction	
F	 1.000	 .728	
ZR	 1.000	 .944	
SR	 1.000	 .698	
CE	 1.000	 .905	
BA	 1.000	 .901	
B	 1.000	 .675	
LI	 1.000	 .899	
W	 1.000	 .710	
NB	 1.000	 .790	
RB	 1.000	 .923	
U	 1.000	 .624	
TH	 1.000	 .935	
TA	 1.000	 .860	
AS	 1.000	 .723	
CS	 1.000	 .820	
SN	 1.000	 .873	
Extraction Method: Principal Component Analysis.	

A variable’s communality tells you how much of its variance is explained by

your factors. In this case, for 4 factors:

The Sn-W mineralized granite of Regoufe (Portugal)

A Factor Analysis example - PAST

Variable

loadings

PC1 PC2

PC3 PC4



The Sn-W mineralized granite of Regoufe (Portugal)

A Factor Analysis example - PAST

The scores for each 
sample on the 

different factors

The Sn-W mineralized granite of Regoufe (Portugal)

A Factor Analysis example - PAST

Bi-plot: combines the data loadings on the PCs and the variable scores on the PCs

PC1

PC2

PC3

PC4

significance envelop

A Factor Analysis example

The Sn-W mineralized granite of Regoufe (Portugal)

Tentative interpretation:


PC1: inverse of degree 

         of greisinisation 

         and albitisation


PC2: deuteric alteration


PC3: ore-related elements


PC4: different levels 

         within the granite 

         magma body

PC1 PC2

PC3 PC4

Factor Analysis vs. Cluster Analysis

the data set: the eating habits of Europe
variables: the original variables as input


rotation: you can tell NCSS to perform 
a PC rotation such as Varimax or none


missing values: if you have these you 
have to tell NCSS how to deal with 
them: row-wise exclusion, replace by 
mean or estimate from correlations


matrix type: correlation or covariance


factor selection: start by selecting % 
eigenvalues and setting this to 100%: 
gives you all PCs. Can then decide that 
only first 4 are meaningful and change 
this



Principle component analysis - PCA

output: the eating habits of Europe

Principle component analysis - PCA

output: the eating habits of Europe

Principle component analysis - PCA

output: the eating habits of Europe

Principle component analysis - PCA

output: the eating habits of Europe

now rerun the routine for up to 4 principle components



Principle component analysis - PCA

output: the eating habits of Europe

Principle component analysis - PCA

output: the eating habits of Europe - coefficients

Principle component analysis - PCA

output: the eating habits of Europe - correlations

Principle component analysis - PCA

output: the eating habits of Europe



Principle component analysis - PCA

output: the eating habits of Europe - new row transformation

Principle component analysis - SIMCA

output: the eating habits of Europe

PLS-R and PLS-DA

An extension to eigenvector methods with a dependent variable

You can of course do a DA or R based on the original variables, but you here 
make the assumption that there are directions in your data that better line up 
with Y than the original variables —> you obtain those from a PCA-style 
transformation of your data

PCA and FA re-cast the independent variable matrix into a new coordinate system 
aligned with the directions of maximum variance with the aim of separating noise 
from information, reducing the dimensionality of your data, and identify processes


PLS-R and PLS-DA re-cast the independent variable matrix into a new coordinate 
system aligned with a dependent variable ( Y = f(X) ) with the aim of classification    
(-DA) or quantification of a regression model (-R), for example for calibration.

PLS-DA example with the Unscrambler

DFA result



PLS-DA example with the Unscrambler

one misclassified

two outliers

DFA: K2O, P2O5

Cu, Sn and B

influential

variables:

PLS-DA example with the Unscrambler

predictions from the PLS model for the unknowns:

PLS-DA example with the Unscrambler

DFA result PLS result


